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& ' Abstract 



A complete set of formulae in terms of the moment-operator expansion is pre- 
sented for the two-meson, two-photon and fermion-antifermion states that can be 
used in the analysis of scalar (S) and pseudoscalar (P) meson production in pp and 
77 collisions: pp — > SS, PP, SP and 77 — ► SS, PP, SP. Method of a generalization 
CO ■ of the formulae for amplitudes of multi-meson production in the two-stage processes 

■ of the type (spin-j) resonance + meson — > three mesons is also discussed. 

o 

1 Introduction 

The moment -operator expansion is a powerful tool for the study of the analytical structure 
of amplitudes, in particular, for the determination of the resonance amplitudes. 
^ . In this paper we present a full set of formulae which are necessary for the analysis 

of reactions pp — > tttt, pp — > 7777, — > 7777', — > 7r/ in flight, and we explain the 
way of generalization of the formulae for the analysis of reactions with the production of 
<-h 1 resonances with non-zero spin, such as up, 7r/ 2 , ^2, and so on. 

The data obtained by Crystal Barrel Collaboration provide us with rich possibilities 
to study resonances in the mass region 1900-2400 MeV [|], |2j. The reconstruction of 
analytical meson amplitudes and definition of pole singularities are forced by the problem 
of classification of meson states, exotics included (glueballs, hybrids). The establishing of 
a complete set of meson states is a necessary step in understanding of Strong QCD, see 
e.g. 

We give formulae for 77-states; our interest in these processes is stimulated by rich 
experimental information on 77 — > hadrons obtained at LEP (e.g. see U\, W). 

Starting from early 1960s, the operator expansion was exploited for the amplitude 
analysis within the framework of dispersion-relation technique: in || the operator expan- 
sion was used for the calculation of rescattering processes in the reaction of three-particle 
production near threshold. A complete description of the method for non-relativistic 
kinematics was presented in 
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The moment-operator expansion method is especially helpful for the investigation of 
particle spectra in the framework of multichannel .fT-matrix approach, or dispersion- 
relation N/D method. Within this method, the calculation of rescattering effects in 
multiparticle reactions is rather simple and straightforward. 

For the two-fermion sector of nucleon-nucleon reactions, such as NN — > NN, NN — > 
NA and 'yd — > pn, the relativistic operators have been constructed in III], O, O, IT3 . In 



[fig] the operator expansion has been carried out for the reaction pp — ► mm, and it was 
extended for the coupled- channel reactions pp — > mm, pp — > rjrjir, pp — > KKtt in [IB|, 
within the framework of the N/ D method. 

One of the advantages of the operator expansion method is a possibility to take 
promptly into accont kinematical factors related to momenta of the incoming and outgoing 
particles. The account for kinematical factors is dictated by the necessity to investigate 
analytical structure of the amplitude near the production threshold of new particles. An 
alternative to the operator-expansion method consists in calculating kinematical factors 
in a standard expansion in spherical harmonics (see |T7| as an example). 



The moment-operator expansion has been recently used in the calculation of the ra- 
diative decays of scalar, tensor and vector mesons in the framework of double spectral 
integration technique |L8|, [L9], ^ 



First of all, we present here the angular-momentum operator XfJ) _ lttJ {k) for the 
two spinless mesons (Section 2). In terms of these operators we construct the scatter- 
ing amplitudes for the processes two mesons — > two mesons and compare it with an 
amplitude for three- meson production in the two-stage process: two mesons — > (spin-j 
resonance) +meson — > three mesons. By comparing these two amplitudes one can clearly 
see the difference between our and Zemach's [TO] approaches (or the approach with spheri- 



cal harmonics, see e.g. [0). Indeed, the description of the transition two mesons — > three 
mesons in the approaches |TD|, [T7J] requires additional Lorentz boost, which is different for 
various regions of the three-particle Dalitz-plot, while one does not need such a boost in 
the relativistic covariant method presented here. 

The angular-momentum operator for the two-fermion system, Q ^h-iJ-j-ivji * s con " 
structed in Section 3. We consider in detail the amplitude of the reaction pp —>two spinless 
mesons. Denote meson momenta as k±, k 2 and fermion momenta as qi, q 2 . The amplitude 
with total angular momentum J has the following stucture: 

The operator ^(— Q , 2)<5^' / f 2 '. J .^ / _ lMj V ; ( ( ?i) refers to the pp state: here S is the total spin of 
fermions, S = 0, 1, and L is the angular momentum. The function X\f > (k) stands 

for the two-meson state operator: it is the angular-momentum operator which depends 
on relative momentum of mesons, k = [k\ — k?)/2. Partial-wave amplitude As t L.j{s) is a 
function of the invariant energy squared, s = P 2 , where P = k\ + k 2 = q\ + q 2 - 

To be illustrative, in Section 4 we present formulae which are helpful for the study 
of the reactions of pp annihilation, with the production of two spinless particles, pp — ► 
SS, PP, SP: these formulae were used in the analyses Jl|. 0. 
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For 77 states, the spin and angular-momentum operators are given in Section 5. We 
construct the even and odd operators and demonstrate the connection of spin operators 
with helicity amplitudes. 



2 Angular-momentum operator Xjfy ^ ^ 
and the two-meson scattering amplitude 

Here we construct the operator Xf£) L L (k) and describe its properties. Then we 
present the partial-wave amplitude in terms of the introduced operator expansion. 



2.1 Operator X<g 2 (*) 

The operator Xf£> _ iML (k) is constructed by using the relative momentum of mesons 
in the space orthogonal to the total momentum P: 



hp ~ ^vQvfn 9, 



9vn 



P P 

1 V 1 fl 



(2) 



In the centre-of-mass system, where P = (P ,P) = (y/s,0), the vector Ar 1 is space-like: 
k 1 - = (0, k). We determine the operator Xf£) L L (h) as symmetrical and traceless. It 
is easy to construct it for the lowest values of L — 0, 1, 2, 3, 4: 



(3) 



x( 3 ) = - 



^tl ^2 ^tz ~T~ {Ptl M2 k tz + 9^1 fc M2 + 9^ 2 M3 ^ ) 



X (4) 

^1/^2/^3/^4 



35 



k- 1 - k- 1 - I.- 1 - l.- 1 - 



/'o-L 1.-L L.-L , n ± L.-L L.-L , <L± l± , L.-L L.-L _j_ ,,-L 1.-L L.-L , -L L-L L.-L A 

7 ^11/42 "7*3 "7*4 ^ ^1/43^2^4 ^ 9^1X^^1X3 ^ 9^3 /HI |U4 ^ > ^ ^3/^4^1/42 J 



"'""qF \9 H3H4, 9^^9^21X4 9 9^2fJ.3j 
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Correspondingly, the generalization of Xjff „ L for L > 1 reads: 



tn—fiL 
Z (L-1) 



k L Z^ L ~ l) 

/ii.../i i _i/u i+ i.../i I ,y/i i a 

\i=l 



L 2 



2^ _ /-^ /tl.../ti-lMi+l---Mj-l^j + l---/ t L Q 



(4) 
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It is seen that the operator Xj^^ ^ ^k) constructed in accordance with ([J) is sym- 
metrical, 



and it works in the space orthogonal to P: 



(5) 



P 



. 



(6) 



The angular-momentum operator Xj^ is traceless over any two indices: 

a X (L) = o ± X (i) = 



(7) 



The tracelessness property given by (0) is obvious for the lowest-order operators entering 
(D, for example, g^X^ = (recall that g^g^ = 3). Now let us demonstrate that, 
if Xj£~j) is traceless, the operator Xj^' „ is traceless as well. The symmetry condition 
tells us that it would be enough to prove g^^X^ = 0. The latter is directly seen 
from the definition (11): 



a 1 



2L-1 



2X {L - l) - 



2(i - 2)4t:iL + a*£JL 



L± X (L-1) 2L ~ 1 



2L 



(2L - 1) 



. 



The convolution equality reads: 



v(L) t-L _ L.2 v(Ir-l) 



It can be easily proven by the induction method. Indeed, one has for the lowest moments: 
kj-X^ = Using Xf-j) kjr = k 2 X^~J) as an input we obtain from (HI): 



r L-l 



L-l 



V x (L - 2) k x V r7 x x (L_2) i.- L l N ) 



i=i 
2L - 1 



l + 



2L - 3 
(L-l) 2 



i<j 



klX^ 1 } 
± [ii...[i L -i 



2L - 1 

Using (H) we rewrite the recurrent equation @ in the form: 



X (L) 



of _ i L Ok 2 L 

- L l ST- k ± X {L-l) _ f*L V- I X (L-2) 



L 2 



i=l 



(9) 
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Basing on this recurrent equation and taking into account the tracelessness of Xjff„, 
one can write the normalization condition for the moment-L operator as follows: 

= ^L)kf , a(L) = ft ^ = • (10) 

The iteration of equation @ gives us the following expression for the operator Xjff : 
(2L-1)!! 



fl L ...fl L \ I rj 



(2L - 1)(2L - 3) 
Let us write one more useful equation, 

fc^Xf) u (Jfe) = A±lx( i+ i) (k) + -J—Z^-V (k) k 2 , (12) 
which is a sum rule for angular momentum (1 © L in terms of operators X^^A;- 1 ) and 

H\...IJ,L,\ ) 

2.2 Projection operator 

Let us introduce a projection operator Oj£'"jf£ for the partial wave with the angular 
momentum L. The operator is defined by the following relations: 

For the sets of indices \i\ . . . \xl and v x ■ ■ ■ v L , the operator O has all the properties of the 
operator it is symmetrical and traceless, 

Qt^w— PL — Hl — qp-wi-'-p-l r\ii\ii\— hl — = n (-\a\ 

^ V\V1...VL VW2 — VL V2V\...VL ' Ky UlU2...VL vxv\—vt ' V-"-^/ 

The projection operator O can be consructed as a product of the operators 
Xjff flL (k)X^ VL (k) integrated over angular variables of the momentum k- 1 , so we have 
a convolution of the (2L + l)-dimensional vectors, which provide us an irreducible repre- 
sentation of Lorentz group in the /c J -/|/c J -| -space. So, 

i{L)0^ = ^lJ^ *#U(*)*£U(*) • (15) 

where £(L) is a normalization factor fixed below. Using the definition of the projection 
operator 0^}-^ n as well as formulae fl24[ ) and (|25|) , we obtain: 



fc/xi • • • k^O^;"^ — a tjj\X%l. Vj {k) ■ (16) 



5 



This equation represents the basic property of the operator: it projects any L-index 
operator into partial-wave operator with the angular momentum L. 

Multiplying equation fll5f) by the product Xj£}„ (q) and Xf£l_ v (q) , we get: 



dz 



aL)X^l UL (q)X^M = <ll L ^ L ) J f P K Z ) > ( 17 ) 



that gives the normalization constant in (|I5D : 

a(L) (2L-1)!! 



2L + 1 (2L + 1) • L\ ' 



Summation in the projection operator over upper and lower indices performed in (KE 
gives us the following reduction formula: 



2L 4- 1 



Likewise, the summation over all indices gives: 

=2L + i, (20) 

that can be proven using formula (|T5|). Indeed, 



Basing on equation fllq) , one gets 

W L ) nw-w-i = (211 

J >1...(1L-1/1L ^...l/L-l vv i/l...!/L_i/lL ' V^V 

Generally, one can write: 

v-(i) — C221 

^ i -Hl...fj,iHi+i...lJ,L i'l—i / i vi—ViHi+ifiL ■ \^^> 



2.3 Four-point and five-point amplitudes for spinless particles 

The four- and five-point amplitudes determine, correspondingly, the scattering amplitude 
two particles — > two particles and the production amplitude two particles — > i/iree particles. 
The latter process is considered with the impact to study three-particle state produced 
in the two-stage reaction (spin-j) resonance + particle —>■ three particles. 
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2.3.1 Scattering amplitude for spinless particles 

The operator Xj£> is a constructive element of the considered here partial-wave scat- 
tering amplitude for spinless particles, of the type of SS — > SS, or SP — > SP, and so on. 
We denote relative momenta of particles before and after interaction as q and k, corre- 
spondingly. The structure of partial-wave amplitude with angular momentum L = J is 
determined by the convolution of the operators X^ L \k) and X^ L \q): 

A L = a L {s)Xfl^{k)Xfl^q) . (23) 

Here a^(s) is the partial- wave amplitude which depends on the total energy squared only. 
The convolution Xjf' (k)q^ . . . can be written in terms of Legendre polynomials 

X£U (*)«t • • • flt = UkiyRi) L Pl(z), z = -|t^L . (24) 

v 7 \k\Jq\ 



In the centre-of-mass system, one has {k^q^) = —(k^q^) and \Jti]_ = y—k± = i\k±\, 

= i\q±\- For the low-L moments, the formula fl24|) is obvious, see Eq. (|3|). For 
arbitrary L, equation (|24]) is proven by using (||): within a definition (|24"1), equation (f|) 
can be re-written as follows: 

~ / >. 2L — 1 _ L — 1 _ 

Pl(z) = -^—zPl-i(z) - -j—Pl-2(z), 

that is a well-known recurrent equation for the Legendre polynomials. The convolution 
of the operators X^ L \k) and X^ L \q) reads: 

X&UWXjg^ L (q) = a(L) (yfe^ L P L (z) , (25) 

where a(L) is determined by (|H]). In the centre-of-mass system z = cosG, and we have 
standard formulae for the partial-wave expansion of the scattering amplitude. 

The unitarity condition for <2l(s), which is fixed by the amplitude normalization, is 
determined as follows: 

Im a^(s) = p(s)a(L)\k±\ 2L \a,L(s)\ 2 + contribution of inelastic channels . (26) 

In the right-hand side of fl2~6|), only the contribution of the elastic channel is written 
explicitly, and p(s) is the phase space of scattered particles in this channel (recall that for 
the scattering process k\ = qj_). 

2.3.2 Three-particle production amplitude with resonance in the intermedi- 
ate state 

The five-point amplitude for the production of three spinless particles, SS — > SSS or 
SS — > SPP, etc., can be also represented in terms of operators Xffl . Let us consider 
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here an example of the three particle production amplitude when two final-state mesons 
are produced through the decay of the resonance with spin j. To be definite, we consider 
the simplest case of vector resonance, with j = 1, and point out the way of generalization 
for j > 1. To consider the simplest case, j = 1, is in fact sufficient to trace the difference 



between three-dimensional approach of Zemach [10] and the method developed here. 

For the two-stage reaction, of the type SS — > VS — > PPS, we denote the particle 
momenta in the initial and final states, correspondingly, as q 1 , q 2 and ki,k 2 ,k 3 ; the vector 
resonance (V) is produced in the channel 1 + 2 with the total momentum p 12 = k\ + k 2 
and relative momentum for the decay products k± 2 = ^(^l — k 2 ). Then the amplitude in 
the partial wave L reads: 

a^ilv^X^^WX^J^)^!^) (27) 

+a w=L - 1 (s, 3i 2 )x(t^,jg)x(t:iL 1 (^)4 1 , ) (^ 2 ) , 

where fc^„ is orthogonal to to pi 2 — k\ + k 2 , 

= (g* - W . (28) 



P12 = s i2) an d the momentum kf is orthogonal to the total momentum P = k% + k 2 + k. 



3- 



= [9rt - W ■ (29) 

The amplitude with I = L is forbidden for the processes of the type SS — > PPS considered 
in (|2"?D . On the contrary, when in the initial and final states, like SS — > VP — > SSP, the 
total particle parity changes, one has the transition with I = L: 

a^=L(3, Sl2 )XW..^Jg)X^^^_ 1 J^)x( 1) (^ 2 )P 7 e Q/37/ii (30) 

where i a /3 lflL is the totally antisymmetrical four-tensor. 

Comparing the amplitudes of Eqs. (p3|) and (p7|) , or (^0|), one can see the common 
and different features in three-dimensional approach of Zemach |L(J and covariant method 



developed here. For the scattering amplitude (|23|) used in the centre-of-mass frame, the 
expressions used in both approaches coincide. Indeed, the four-momenta k^ and have 

space-like components only, k^ = (0, k) and q^ = (0,q), so the operators and 
Xj^ jlL (q) turn into Zemach's operators. However, for the amplitude ( pT/|) a simultane- 
ous equality to zero of operators with zero components is impossible. In [PJ a special 
procedure was suggested for such cases, namely, the operator is treated in its own centre- 
of-mass frame, with subsequent Lorentz boost to a needed frame. But in the procedure 
developed in this paper these additional manipulations are unnecessary. 

The Lorentz boost should be also carried upon the three-particle production amplitude 
considered in terms of spherical wave functions as well as in its version suggested by [|T7| . 
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The generalization for a higher resonance is obvious: for the tensor resonance, j = 2, 
in the reaction SS — > TS — > PPS, instead of two terms in ( p7]) one has three terms for 
the partial-wave amplitude: 

+a L , l=L . 2 (s, 3i 2 )xW., i (9)4t:?,- 2 (^)41 1 M,(^ 2 ) , 

In the analysis of Crysal Barrel data ||, the reactions of the proton-antiproton annihila- 
tion, of the type pp — > resonance + P — > PPP, are studied. Formally, the re-writing of 
the above-given formulae for the case of the pp initial state is simple: one needs to replace 
in the amplitudes the momentum operator Xj£' Mi (<?) by that for the pp state introduced 
in (p. A detailed discussion of this operator is given in the next Section. 

3 Angular- momentum operators 
for fermion-antifermion system 

Here we consider a fermion-antifermion system, the fermion momenta being q\ and q 2 . 
The partial-wave vertex for this system with the total angular momentum J, orbital 
momentum L and total spin S is determined by bilinear form 4'(—q2)Q ( ^ 1 '^ J ' > f _ lJ ^ lf _ lJ '4 ) (<li) 
where q 2 ) and ip(qi) are bispinors and Q ( ^ 1 fy J } f _ lJ _ lf _ l; is the fermion partial- wave oper- 
ator. This latter operator should be constructed with the use of the orbital-momentum 
operator and spin operator for fermion-antifermion system. 

We have two fermion spin states, S = and S — 1. For the spin-0 state J = L, and 
for the spin-1 state one has J — L — 1, L, L + 1. 

For fermion operator Q^' / f 2 ' ,7 ^ J _ lA t J ; one implies the same constraints as for the boson 
one given by formulae (||), (§) and (|7]): the fermion operator should be symmetrical, 
P-orthogonal and traceless: 

f)(S,L,J) _ q(S,L,J) p n (S,L,J) _ n f)(S,L,J) _ r, /oo\ 

The spin-0 operator for fermion-antifermion system, T^°\ is proportional to the 75-matrix. 
We normalize by the condition: 

Sp (r< Vi + qi)r (0 \m 2 - q 2 )) = 1 , (33) 

that gives 

r (0) = * 75 , (34) 

\J2[s- (mi - m 2 ) 2 ] 
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where mi and m 2 are fermion masses. @@@ The angular-momentum operator for the 
spin-0 state is a product of T^ ) and the angular-momentum operator XfJ} (q): 

«i J -^(9) = r(0) ^ff.., J (9)- ( 35 ) 
The spin-1 operator is constructed as follows: 

r w = 1 4s \ (36) 

/2[s-(mi-m 2 ) 2 ] V [(m 1 + m 2 ) 2 + (m 1 +m 2 ) v ^][s-(m 1 -m 2 ) 2 ] y ' 



For equal masses, mi = m 2 = m, the spin-1 operator reads: 

r?> = 4= f-ri - -^f-) = 4= fii — ^ I ■ < 37 > 

V2s V m (m + Y) J ^ 2s \ m + ^ 



Here we have used that 

. k-k 



m . (38) 



2 

The operator is orthogonal to the total momentum P, 

p a r« = , (39) 

and normalized by the condition: 

Sp (rtVi + <7i)r£V 2 - &)) = <?i • (40) 

The operators and T^ ) are orthogonal to each other in the spin space: 

Sp (it 1 * (mi + gi)r(°)(m 2 - q 2 )) = . (41) 

It means that, if initial fermions are not polarized, the spin-0 and spin-1 states do not 
interfere with each other in the differential cross section. 

The spin-1 state with J = L — 1 is constructed from the operator and angular- 
momentum operator Xj^^ 1 . It carries J indices, so two indices, one from and 
another from XfJ+^) jfl , are to be absorbed, that can be done with the help of the metric 
tensor g aiiJ+1 : 

Q&^7 L_1) (9) = ^ ] Xfl, L _ ia {q). (42) 

For J = L, the construction of the operator Q^ L '^ L ^ is performed by using antisymmet- 
rical tensor e lJLVlV2V . A : the operator r^X^ 2 must have the same number of indices as the 
angular-momentum operator. The only possible non-zero combination of antisymmetrical 
tensor, operators X( J ) and is given by the following convolution: 

e ix 1 v 1 v 2 v z Pv 1 ^[ / } X^^ ^^q) . (43) 
10 



However, the operator entering equation fl4"5|), being P-orthogonal and traceless, is not 
symmetrical. The symmetrization can be performed by using the tensor Zlj 1 ~ 1 " ) flj a instead 

of x iil...fij- In this wa Y> we S et: 

Q[ii..!fj,j \q) = ^ocvivvi^PvA^^Zy^ ^ ja (cj) • (44) 

Following the same procedure, we can easily construct the operator for the total angular 
momentum J — L + 1. One has: 

Q£; L :l7 L+1) (v) = ryz^ jM . (45 ) 



4 Amplitude for the fermion-antifermion annihila- 
tion into two spinless mesons 

The partial-wave amplitude for the pp-annihilation into scalar (S) and pseudoscalar (P) 
mesons (pp — > SS, PP, SP) is given in a general form by formula (|IJ). To be illustrative 
we present in this section the formulae which are helpful for the analysis of these reactions. 

For the fermion-antifermion state with the total zero spin, S = 0, the amplitude is 
determined by the following angle- dependent factor: 



r (0) 4f)., j (g)x(f). Atj (fc) = r(°)a(j)(.^i 



PAz) . 



(46) 



Recall that q is the relative momentum of fermions and k is that of bosons and z 

(fcV)/(vW^)- 

In the spin-1 case, when L — J + 1, we have the following convolution: 



j+i 



(47) 



Aj and Bj being the coefficients which depend on z only. They can be found by multi- 
plying both sides of equation ( |4"T| ) by q^ and kg : 



J+i 



Ar^X + BjJql 



a(J) Jk 



J+i 



Wi) J+1 P J+1 (z) = a(J) (yflf 



AjJk 2 ± + Bj 



One easily gets for Aj and Bj\ 

P J+1 (z) - z Pj(z) 



A., 



1-z 2 



B, 



Pj(z) - zP J+1 (z 



1-z 2 



(48) 
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For the first partial waves, one has: 

1 

~2' 



A 1 



An 



-4, 



Bx = ~z, £ 2 =±(5z 2 -l), B 3 = h -(7z 2 - 3z) . 



(49) 



For L = J — 1, the angle-dependent factor contains the convolution of Zj£ ,V j a (q) and 
XW(k). It reads: 



2J- 1 



V n ± X^^ (n) 



i=l 



_ V n 1 - X {J - 1] (n))X {J) (k) 

2 J _ \ y^iMi Mi---^i-iA 1 i+i---/ i j-iA 1 j+i---/ i J"Vy7 J vv /xi...^tj \ n J 



•;3 = 
i<j 



a{J)Uk\ 



j-i 



Aj-i 



(50) 



The angular structure of the amplitude fermion+antifermion — > two mesons when L 
J ± 1 is determined by the following factors: 



1 j 



a(J)2J + 



where 



j+i / , — \ j 

kl) a{J) 



j-i / , — \ j 
k 2 



a{J) 



Aj-X 



*u 2 



(51) 



(52) 



The normalization of angular-momentum operators is a matter of convenience. To this 
aim we average the matrix element squared over fermion polarizations and angles of the 
boson system. We have 



« 3 (j + 1), - j) 2 ) = -\{ q \y + \kiy ^±1_ , 
((V-i)^i) 2 ) = 4(^-W(^. 



(53) 



The normalization of matrix elements given by (|51~D can be easily checked in the centre- 
of-mass system, where the angle z has a simple definition (recall that in this system 
k 2 = -k 2 ± , q 2 = -ql). 
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The amplitudes for the transition from fermion states with L = J ± 1 to the boson 
state J via Breit-Wigner resonance are equal to: 



A( 3 (J-V 



J) 



J) 



J + l 



2J + 
J 



Aj—0= + Bj- 



2J+1 / g 2 



Aj-x 



Bj-x 



BW(J + 1,J), (54) 



BW(J — 1, J) . 



Here the kinematical factors q^, fc^ are included into the definition of the Breit-Wigner 
amplitude BW as well as coupling constants of the resonance decaying into two-fermion 
and two-boson channels: 



BW(J + 1, J) 
BW(J - 1, J) 



2\J, 



2 \J 



Cj+iC 



F J+ x(ql)Fj(kl) M^-s-ipMT ' 

(y/d) J (y/*j) J Cj^C 
Fj-x(ql)Fj(kl) M 2 -s-ipMT ' 



(55) 



Here F are the form factors, C is the coupling constant of the resonance to boson state, 
and Cj + i and C j_i are the couplings to fermion states, with L = J + 1 and L — J — 1. 

The complete amplitude for the transition fermion + anti fermion — > boson states is 
equal to the sum of partial-wave amplitudes: 



.4 



/of 



(56) 



where: 



^2 



J=0 
n 

E 



2J+ 1 
1 



j=i 



2J 



J A J _ 1 BW(J -l,J)— + Bj{J + 1) W(J + 1, J) 

J Bj_xBW(J - 1, J)\ + 4j(J + 1)BW(J + 1, J) 

9± 



(57) 



Generalization of the formulae (|55|)-(57) for the case, when partial wave amplitude 
describes several resonances and cerain background, is obvious; one should substitute: 



BW — ► BW a + background 



(5? 



Consider the case when one fermion with fixed momentum interacts with another 
fermion producing by annihilation the boson states (e.g. pp — > 7r + 7r~, 7r°7r°, 77^, and so 
on). If fermions are not polarized, the cross section of such a process is equal to the 
amplitude squared multiplied by the phase volume of final particles. We have for the 
amplitude squared: 



\A 



tot 



\Vx\ 2 + \v 2 \ 2 + z{v x v; + v*v 2 ) 



(59) 
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Sometimes it is convenient to use the other functions: 

v 1 = v 1 + zv 2 , v 2 = VT^v 2 . 

Here the amplitude squared has rather simple form: 



1-4 



tot 



\v 1 \ 2 + \v 2 \ 2 



(60) 



(61) 



In the next section we will show that the amplitudes V\ and V 2 are connected with the 
helicity amplitudes. 



The polarized target fermion 

Consider the case, when one of initial fermions is polarized (the reaction pp — > 7r + 7r~, 
with polarized target proton, was studied in [|2T|). The fermion loop diagram for this case 
is equal to: 



N = ~^Sp T M (m - <7i)(l - 7 5 S)r i ,(m + q 2 ) 



A^A^Sp l^{m- q 1 )(l-j 5 S)^(m + q 2 ) 



(62) 



Here S = S^j^ where is the polarization vector. After simple calculations we obtain: 



W = q,,„ — i 1 

2 y ^ s 



m{2m + yfs) 



(63) 



The amplitude squared is equal to: 



\A 



tot 



v 2 + v 2 + z{v x v; - v?v 2 )+ 



+ i ™^&<*jto P t (vrf* _ V*V 2 )(1 - Xql 
After simple calculations we get the final expression in terms of the Vi amplitudes: 



\A 



tot I 



zed\ 2 Q± ^afiu^Saq^ki/P^ 



(64) 



(65) 



As an example, let us calculate the case when polarization vector is directed along the 
y-sixis: 

S=(0; 0,1,0), P=(v^; 0,0,0), q = (q ; 0, 0, \q\) . (66) 

Then 

£ af iviS a q^k u P^ = -\q\\k\Vl - z 2 cos$ , (67) 

where $ is the angle between the x-axis and the projection of k on the x, y-plane. Then 
we have the following expression for the amplitude squared: 



1-4 



tot | 



V 2 + V 2 + 2 hn{V x V*) cos $ 



(68) 
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5 Operators for the two-photon states 



Similarly to the two-meson and fermion-antifermion states, let us denote the moment 
operator for the two-photon state as 

G&...^(«i,fc) , (69) 

where q\ and q<i are the photon momenta and q\ = q\ = 0. For the reaction 7(<?i)7(<?2) — > 
hadrons this operator should be convoluted with relevant hadronic moment operator. 

There is a specific feature in the construction of moment operator for the 7(<Zi)7(<72) 
state that is a consequence of gauge invariance: the photon is polarized in the plane 
orthogonal to the collision plane of photons. For example, if photons collide along the 
z-axis, the photon polarizations lie in the plane (x, y) . This requirement reduces the set 
of allowed states; that is clearly seen by using the state J = as an example. 

The state J = is constructed as follows: 

G (0) (?i,&) = 4 1 W ) S ^, (70) 

where is the photon polarization, with (eW<&) = 0. The moment operator S^p has the 
following structure: 

S a/3 ~ 9a/3 + B{q a q p - p^q 2 ) ■ (71) 

The first term presents (S = 0, L = 0) state and the second one gives the (S = 2, L = 2) 
state, while B is a constant which should be found from gauge requirement. The gauge 
constraint tells: after convoluting ( [71] ) with qi a (or g 2 ,a), it should be equal zero: 



. (72) 



As a result we find B = —((qiq) — 1/3 q 2 ) 1 = — 3/(2g 2 ), and equation ( |7I|) gives S 1 ^ ~ 
#a/9" where 

= #a/3 - (?la?2/9 + QaaQlfih 7 • (73) 

We define 

S$ = fl# , (74) 
,±± 

a/3 



Sometimes it is more convenient to rewrite g^g in the terms of the photon total and 
relative momenta, P = q\ + q 2 and q: 

9af3 ~ 9a/3 ~ ~ 2 -pf { <0) 
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with 



1 P P 

^=2^1-^2)^, 9$ a , = 9v*-- ! jjr ■ ( 76 ) 

We see that the operator S^p contains .D-wave contribution, and it is a direct result of the 
gauge constraint. However the D-w&ve contribution turns into zero in G^°\qi, 52) = S(°\ 
so the operator S^p can be conventionally named the spin-0 operator. 

Another operator, S$ a2 ; Ml/i2 , we construct by using the orthogonality requirement 
with respect to the spin-0 operator: 

S (0) S {2) = . (77) 

0102 0102 1 £H/i2 V / 

The operator <S^ a2 ^ ifM2 can be named, also conventionally, the spin-2 operator. We write: 

o(2) ^ -L-L ±± , ±± ±± _ ±± ±± (7R \ 

^0102,^1/^2 tJ maitJ IX2C12 y iJ,ia2J H2C11 i//ii/i2 "0102 ' V °) 

The state with J = 2, which corresponds to this operator, reads: 

(a, 00) = e (1) e (2) S (2) = S {2) (79) 

^1M2 V 1 * 1 ' c Oi c 2 ^Oi0 2 , /il/42 — /"1M2 ' V / 

All the remaining even-state operators we construct from the operators S^l and S^ 2 ^ 



i/3 miu ^0102 , /ii/12' 

yp 

vectors used for the cross section calculations. The completeness condition reads as 



The tensor g^g determines the completeness condition for the photon polarization 



E^ a) «4 a) w = ^- (8°) 



5.1 Even-state operators, P = + 



Now let us construct the operators of the even states with an arbitrary J. The orbital 
momentum of the photons should be also even: L = 0,2,4, ... : in this way we have the 
P-even states, P = +. 

(i) Operators S^Xgl^q) 

There are the following initial state operators which are built with use of S^: 



(81) 



or, being more definite, 



0++ 
2++ 
4++ 



S (0) 



(82) 



(ii) Operators S^X^Jq) 
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For construction operators with S^ M2 we use the product 

S^At^M ■ (83) 

and expand it in a set of states with J = L — 2, L — 1, L, L + 1, L + 2. The simplest 
operator is that for L = 0: 

2 ++ : Sgk • (84) 

To clarify the situation with L ^ 0, let us consider the case 5 = 2, L = 2 in detail: 

" (85) 
The ++ state operator, being constucted as Sj® Xj?^(q) is equal to zero: 

/ (1) (2) (1) (2) _ J — L re (l) e (2)^ 3 / 1 I 2 \ _ g 

The 1 ++ state does not appears for the transverse polarized photons as well: 



P ( w^ 2 ) — — ( p W f ( 2 h _ p ( 2 ) f 



The 2 ++ state operator, being constucted as Sj^„Xj?} 2 (q), gives S^ 2 , up to a numerical 
factor: 

C(2) v(2) f A _ (IX) M , Jl) f (2) U / (1) J2)x\ f 1 I 



_V (11) 12) ,11) 12) _ M (11)12)\\ _ C(2) 

2 V e ±/ii e ±M2 J-/i2 J-Ml 9^11^1- 6 ± )) ° I J,X I X2 ■ 

So we do not need to use this convolution, it is taken into account in (|84j) as well. 
The 3 ++ state operator is constructed as 

Q++ ■ - P V( 2 ) foW^ 

with subsequent symmetrization over indices /ii, /z 2 , A*3 and making the operator traceless. 
One has for this operator: 

(!) p ( 2 ) I (2) p (1) /o R n 

e ±fi 1 Q^2 £ IJ-3aia 2 a 3 -Ta 1 ( la 2 G± a . i + e ± f i 1 Q^2 £ ^ 3 aia 2 a 3 -^a 1 Qa 2 ^±a 3 K®®) 

~^~ e ±fj,i ( ltJ-3 e tJ-2aia 2 a : iPai(la 2 ^±a 3 + e _L^i QfJ. 3 6 fi 2 a ± a 2 a 3 Pai Qa 2 e ±a 3 
^ e ±/^2^Mi^M3aia2a3-^ :> oi ( ?a2 e ±03 ~l~ ^Xfi^^i^ fJ-3aia 2 a 3 PaiQa 2 ^± a3 
"^-L/^^MS^ ^ia\a 2 a 3 Pa\ ( la 2 ^_i_ OL3 + e ±/Li 2 ^M3 £ Mima2a3-^ai'?a2 e _L«3 
^ e ±/x3?m^M2ma2a3^ai ( ?a2 e _La3 "I" ^±fi 3 Q(J.l £ /J.2aia2a 3 PaiQa2^±a 3 
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~^ e ±fi 3 ( llJ-2 £ IJ-ictia2a :i Pa 1 (la2^±a : j e ±/i 3 ?/i2 £ fi\o.\o.20. 3 P 0.^0.2^- ±a 3 

--fn 1 - (J^n e Pa ^ -4- J® n e P n ^ 

g \9filfi2 \^ t -LA ( /M3 t \aia 2 a: i - r ai<Ja2 t ±a 3 ' t ±A ( i/U3A t Xaia 2 a 3 Jr a 1 qa 2 t ±a 3 

~^~ e ±fi 3 ( l^>'0!ia2a 3 Pai(la2^±a 3 ^±fj 3 n X^Xaia2a 3 Paiqa2^±a : i) 
^ Xaia2a 3 PaiQa2^±a 3 ^±x1^2^ Xaia2a 3 PaiQa2^±a 3 
~l~ e ±/i2^^ \aia2a 3 PaiQa2^±a 3 ^±fi2^1^ ^ a l a 2a: 3 Pai ( la2^ ±a,ij 

~^9fi 2 fi 3 ( e ±A?^l £ Xaia2a 3 Pai n a2^±a 3 e ±A?Mi A^AaiQ2Q3 -^ai Q&2 ^±a 3 

(1) p (2) , (2) p (1) V 

e ±/ii^A^Aai«2a3-' ai?a2 e ±o 3 + e ±/i 1 ?A^AaiQ2Q3-' aiQ , 02 e ±a 3 J 

For the 4 ++ state, the operator reads as follows: 

4 ++ = SffiA (?) + SfflA (q) + (q) (87) 

_ 3 ^1^2 (^ 3 A^Am 4 (?) + ^4A^V 3 (?)) + 5^3 (^2A^Am 4 (?) + ^4A^V 2 (<?)) 

General formula for the J = L — 1 state, after symmetrization over indices, reads: 
e P X (i) (a)S {2) P X {L) (a)S {2) + 

c /iiQi02Q!3- 1 ai^ l a 2 i'fi2fi3H4---HL-l Vi ) u C13U c Miaia2«3- 1 "l y ^ct2VfJ2fJ3fJ4---fJL-l a 3 v~ 
^ £ fi2aia2a 3 Pa 1 Xj y J ufll ^ sfl4 ... flL _ 1 (q)S^ l/ + • • • + ^ fi L _ 1 a 1 a2a 3 PaiXj^, 2 l^ lfl2 ^ s ...^ L _ 2 (q) S^ u ~ 

~~ _ I ( y 9fj 1 fj2 e ^aia2a 3 Pa 1 X a2U ^ :j ^ 4 ...^ Li (q)S^ l/ + g^ 1 ^ :j £Xa 1 a 2 a 3 Pa 1 X a2uXfl2fl4 ... flLi (q)S^ l/ -\- 
+ ' ' ' + 9fj L ^2^L-i eXa i a '2 a 3^ a i^a2uXfj 1 fi2---fJL-i^^a]i/ S ) ■ 

General formula for the J = L state has the form: 

5(2) X W (^ys (2) l (i » (o) (88) 

^ fl\V^'-VfL2fJ. 3 --.flL W > fJiV Vfl\...fJi-XfJ.i+\...fJ L Vl} V uu / 

i=l 

2 V- -L c(2) X W / \ 

2^ _ ^ ^ iifufij^Xv Xufi 1 ...fj, i - 1 fi i+1 ...fij- 1 fij +1 ...fi L \ l iJ 

\<j 

General formula for the J = L + 1 state has the form: 

L 



£ fiia 1 a2a 3 PaiXj^ 2 l fl2fl:i ^ 4 ... flL _ 1 (q)S^ u > £ waia2Q^^ai^(Li/ui ...fu_i ...[Lt.-i {q)^olw (^9) 

i=l 

9 L 

2^ _ X ^ yfJ i fJj C ^ 1 a 2 a 3 1 a 1 ^a2iy\fii...fii-ifJi + i...fij-ifJj + i...fi L - 1 \ l i) lJ a 3 u ■ 



■,3 = 
i<j 
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General formula for the J = L + 2 state has the form: 

L 

C(2) X (L) / \ V- o(2) X (L) / N 

MlM2 M3M4---ML+2 W Z-^ P-iV-i il\---P.i-\P.i+\---P.j-\i>.j + \---P.L+2 W 

i<j 

9 L L 

or _i y MiMj Mfc 1 ' ^A t i---^i-iMi+i---^j-iMj+i---Mfc-iA'fe+i---A t -L ^/ " 

1 i,j=i fe=i 

5.2 Odd-state operators, P = — 

The odd-spin operator, with 5 = 1, is determined as 

f (l) f ( 2 ) P r fl 9(1) 

where = gi^ + g 2 ^- This structure should be multiplied by X^ L \ with odd L: 

This operator provides J = L ± 1. The operator for J = L — 1 reads: 

It works for the states 

(T + (L = 1), 2" + (L = 3), 4-+(L = 5), ... 
Without symmetrization, the operator for J = L + 1 reads: 

v-(J-i) ( n )_l n ± qWyU- 1 ) fry"! 

where <7u 1At2 is working in the space perpendicular to p = gi + Generally, one 
symmetrize this expression as follows: 

SWX (J '^ (q) S^X (J -^ (q) 

Ml M2/-i3---£tJ W IH Ml---Mi-lMi+lM.7-l 

2 ^ ,-L eWv^- 1 ) 



V n- 1 q^>x (J ~ L) (a) 

Z—/ y/JiMj A ^ i AMi...Mi-iMi+i...Mj-iM3+i---M.7^'' ' 



i<j 



2J-3 

that gives J terms. This operator is written for the states 

2-+(L = l), 4-+(L = 3), 6-+(L = 5), ... 
The state with J = L is not formed by the transverse polarised photons. 
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5.3 The example: reaction 77 — ► 2 ++ -resonance — ► 7r°7r° 

To demonstrate the connection of the introduced operators with standard helicity tech- 
nique, consider as an example the transition 77 — ► 2 ++ — resonance — ► 7r°7r°. Using the 
momenta gi, g2 for photons and k\, k% for mesons, one has for the relative momenta and 
photon polarization vectors 

q = \{qi- 92) = (0, 0, 0, q z ), k = ^(h - k 2 ) = (0, k x , k y , k z ), (98) 
e = (0, e x , e y , 0) = (0, cos 0, sin 0, 0). 

In the helicity basis 

e = (0,e + ,e_,0), (99) 

1 / . \ 1 . 

e + = --j={e x + i6 y ), e„ = -j=(e x - i6 y ) . 

The spin- dependent part of the amplitude with H = reads: 

&<fs®X$( q )X$(k) = ^ 2 (cos 2 9 - ±)(e?>e?> + e^). (100) 



For H = 2 one has: 



e a^ e 0^a0u,v-^jS(^)- (101) 



Different components are written as follows: 

$$ ) sV lw X$(kL) = 0, (102) 

e { $e®S^X$(k) = ht 2 {l + 2sin 2 - 22sin0cos0) = ^ 2 (1 - 2zsin0e^) , 

e^e^S^l^Xffik) = ^ 2 (l + 2sin 2 + 2isin0cos0) = ^ 2 (1 + 2ian<f>e^) , 

e W e^S^ u X^(k) = 0. 



6 Conclusion 

We present a set of formulae for the angular-momentum and spin operators, which have 
been used in the study of the reactions pp — > SS, SP, PP |TJ, |2|] as well as the moment- 
operator expansion for 77-states. At the present time, the combined analysis of partial- 
wave amplitudes for the processes pp — > hadrons and 77 — > hadrons is carried out on the 
basis of Crystal Barrel and L3 Collaboration data. 

The angular-momentum and spin operator expansions are rather helpful for studying 
hadron form factors and radiative decay transitions. The recent applications of the operator 



expansion technique to the form factor processes can be found in papers |Tq, 19, 20 . 
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